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$k$ , $K/k$ Galois $G$ Galois (
). $k$ $\mathit{0}_{k}$ $0$ prime ideals
$\mathcal{P}_{k}$ . $S\subset P_{k}$ $K/k$ wildly ramified prime
ideals . , $\mathfrak{p}\in P_{k}$ $K/k$ wildly ramified
, $e$ $\mathfrak{p}$ $K/k$ (i.e., $\mathfrak{p}\mathit{0}_{K}=(\mathfrak{P}_{1}$ . . . $\mathfrak{P}_{g}$ ) ),
$\mathit{0}_{k}/\mathfrak{p}$ $e$ . , $\mathfrak{p}$ $K/k$
tamely ramified . $N/k$ , $P_{N}$
,
$\mathit{0}_{N}(S):=\{x\in N|\mathrm{o}\mathrm{r}\mathrm{d}_{\mathfrak{P}}(x)\geq 0(\forall \mathfrak{P}\in P_{N}\mathrm{s}. \mathrm{t}. \mathfrak{P}\cap k\not\in S)\}$
. $\mathit{0}_{k}$ ( $\mathit{0}_{N}$ ) $M:= \mathit{0}_{k}-\bigcup_{\mathfrak{p}\in \mathcal{P}_{k}}-S\mathfrak{p}$ ,
$0_{N}(S)=M^{-1}\mathrm{o}_{N}$ $.(\mathfrak{p}_{0}\in \mathcal{P}_{k},$ $S:=\mathcal{P}_{k}-\{\mathfrak{p}_{0}\}$ , $\mathrm{o}_{k}(S)$ $\mathit{0}_{k}$
$\mathfrak{p}_{0}$ ). Dedekind – “ $0$
ideal ” ( ) , Dedekind Dedekind
. , $o_{N}(S)$ Dedekind . $o_{N}(S)$ $0$
prime ideal $\{\mathfrak{P}^{\mathit{0}}N(S)|\mathfrak{P}\in \mathcal{P}_{N}, \mathfrak{P}\cap k\not\in S\}$ .
$\mathit{0}_{K}(S)$ $o_{k}(S)[c]$ module free module
( Galois normal basis theorem free rank 1
), Dedekind $o_{K}(S)/o_{k}(S)$ normal basis . ,
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$\mathit{0}_{k}(S)[G]$-module $o_{k}(S)[G]\cong o_{K}(S)$ 1 $\underline{\alpha\in \mathit{0}_{K}(S)\text{ }}$
normal basis . , $\{\alpha^{s}\}_{S\in}G$ $\mathrm{o}_{K}(S)$ $\mathrm{o}_{k}(S),$ -free basis
.
Definition 11. $\forall \mathfrak{p}\in P_{k}-S$ , $\mathfrak{p}$ $K/k$
(i.e., $\mathfrak{p}\mathit{0}_{K}=\mathfrak{P}_{1}$ . .. $\mathfrak{P}_{g}$ ), $0_{K}(S)/o_{k}(S)$ ,
. , $o_{K}(S)/o_{k}(S)$ . $\cdot$ .
Example 11. $K/k$ tamely ramified , $S:=\phi$ , $o_{K}(S)=$
$0_{K},$ $0_{k}(s)=\mathit{0}_{k}$ . $\mathit{0}_{K}/0_{k}$ normal basis , “$K/k$ normal
integral basis ” .
Example 12. $p$ . $S$ $p$ $0_{k}$ prime ideals
, $o_{K}(S)=\mathit{0}_{K}[P^{-1}],$ $\mathit{0}_{k}(s)=\mathit{0}k[p^{-1}]$ .
:
Normal Basis . $o_{K}(S)/o_{k}(S)$ normal basis ?
normal basis . $\backslash$
, Galois $G$ $K/k$ $k$
, .
: . .-.:. $\cdot$
(A) Fr\"ohlich “ $\mathrm{H}\mathrm{o}\mathrm{m}$-description” $([\mathrm{F}\mathrm{r}2])$ . ’ ,. $\cdot$ .
$-$
(B) Brinkhuis normal basis
$([\mathrm{B}3])$ . torsion .




(1) , $[K : k]$
.
(2) , $[K : k]$ ,
. .
normal basis , $K/k$
(Theorem 13; ,
). .:
Lemma 11. $A$ Dedekind , $L$ . $M/L$ Galois
$\Gamma$ Galois , $B$ $A$ $M$ ,
.
(i) $B$ $A$ tamely ramified .
(ii) $\mathrm{T}\mathrm{r}_{M/L}(B)=A$, $1\in \mathrm{T}\mathrm{r}_{M/L}(B)$ .
(iii) $B$ projective $A\Gamma$ -module ( , $A\Gamma$ $\Gamma$ $A$
).
PROOF. [ $\mathrm{C}\mathrm{R}$ , vol. I, p. 101, Exercise 413, 15] [$\mathrm{L}$ , Ch. 9, Theorem 1.2].
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Proposition 12. $\mathfrak{p}\in P_{k}$ , $\mathfrak{p}$ $0_{K}$ prime ideal 1
. $H$ $K/k$ . $K$ $K$ $K_{i}\mathrm{p}$
$k-$ 1 , $K\subset K_{\mathfrak{P}}$ , $H$ $Gal(K\zeta \mathfrak{p}/k_{\mathfrak{p}})$ –
. $F$ $k$ , $P:=\mathfrak{p}\cap F$ . , .
$(\mathrm{i}\mathrm{i}\mathrm{i})(\mathrm{i})\mathrm{i}\mathrm{i})$
$\mathit{0}_{K\varphi}$
$\mathit{0}_{k_{\mathfrak{p}}}H$ -projective (, , $\mathit{0}_{k_{\theta}}l\mathrm{h}k_{\mathfrak{p}}\text{ _{}l}\text{ }ai$ )
$0_{K_{\mathfrak{P}}}$ $\mathrm{o}_{k_{\mathfrak{p}}}$ H-free. , $K\sigma \mathfrak{p}/k_{\mathfrak{p}}$ normal integral basis .
$\mathit{0}_{Kp}$, $\mathrm{o}_{F_{P}}$ H-free.
(iv) $\mathit{0}_{k_{\mathfrak{p}}}\otimes_{0_{k}}0_{K}$ $\mathrm{o}_{F_{P}}G$-free( $(a \otimes x)^{\lambda}:=\sum_{s\in G}a_{s}a\otimes x^{s}(a\otimes x\in$
$0_{k_{\mathfrak{p}}}\otimes_{\mathit{0}_{k}}\mathit{0}_{K},$ $\lambda=\sum_{s\in G}a_{s}S\in 0_{F_{P}}G)$ )
PROOF. $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ . [CR, Theorem 321] . E. Noether (1932)
, Swan (1960) .
[Ka3] .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ . $m:=[k_{\mathfrak{p}} : F_{P}]$ . $o_{k_{\mathfrak{p}}}l\mathrm{h}\mathit{0}p_{P}-\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}$ , $0_{F_{P}}H$
-module $\mathrm{o}_{k_{\mathfrak{p}}}H\cong(o_{F_{P}}H)(m)$ ( $m$ $\mathrm{o}_{F_{P}}H$ )
.
$(\mathrm{i}\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i})$ Galois algebra (cf. [Fr2, Theorem
3of Ch. I, Proposition 21of Ch. III]).
$\Delta$ $H\backslash G$ , $1\in\Delta$ . $K/k$ Galois $\delta\in\Delta$
$K$ $\overline{k}_{\mathrm{P}}$ $k-$ ,
$\overline{k}_{\mathfrak{p}}$ $K_{i}\mathfrak{p}$ – . , $\forall\delta\in\Delta$ , $k_{\mathfrak{p}^{-}}\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}$
$1\otimes \mathit{5}$ : $k_{\mathfrak{p}}\otimes_{k}Karrow K_{\mathfrak{P}},$ $a\otimes x-ax$ .
$k_{\mathfrak{p}}$ -algebra $\varphi_{1}:=\prod_{\mathit{5}\in\Delta(1}\otimes\delta$) : $k_{\mathfrak{p}} \otimes_{k}K\cong\prod_{\Delta}$ K .
, $\prod_{\Delta}K_{\mathfrak{P}}$ $\Delta$ index $|\Delta|$ $K_{i}\mathfrak{p}$ )
. $\prod_{\Delta^{0_{K}}\mathrm{r}}$‘ \Delta index $|\Delta|$
$\mathit{0}_{K\backslash \mathfrak{p}}$ , $\prod_{\Delta}$ K . $\prod_{\Delta}\mathit{0}_{K_{\mathit{1}\}}}$,
$\varphi_{1}(0_{k_{\mathfrak{p}}}\otimes_{\mathit{0}_{k}}0_{K})$ $\prod_{\Delta}$ K free $\mathit{0}_{k_{\mathfrak{p}}}$ -submodule , $\prod_{\Delta}\mathit{0}_{K_{\mathfrak{P}}}$
. , $\varphi_{1}(0_{k_{\mathfrak{p}}}\otimes_{0_{k}}\mathit{0}_{K})$ $\varphi_{1}(\mathit{0}_{K})$ ? $\prod_{\Delta}\mathit{0}_{K_{\beta}}$.
dense . , $\varphi_{1}$ $\mathit{0}_{k_{\mathfrak{p}}}$-algebra
$\varphi_{1}$ : $0_{k_{\mathfrak{p}}} \otimes_{\mathit{0}_{k}}0_{K}\cong\prod_{\Delta}0\kappa_{1},\mathrm{J}$ ’ $a\otimes xrightarrow(ax^{\delta})_{\delta\Delta}\in$
. $0_{K\backslash \mathrm{r}}$ $o_{k_{\mathfrak{p}}}H$-module , $(hg, h\in H, g\in G)$
$H$ $G$ . ,
Map $H(G, \mathit{0}_{K\backslash p}):=$ { $f:Garrow 0_{Kp}$,(map) $|f(g)^{h}=f(hg)(\forall h\in H,$ $\forall g\in G)$ }
pointwise multiplication $0_{k_{\mathfrak{p}}}$ -algebra . $\forall f\in$
Map$H(G, \mathit{0}K.\chi_{\mathrm{J}}),$ $\forall\sigma\in G$ ,
$f^{\sigma}(g):=f(g\sigma)$ , $\forall g\in G$
, $G$ $0_{k_{\mathfrak{p}}}$ -algebra Map$H(G, \mathit{0}_{K_{\mathrm{P}}}\backslash )$ .
$\varphi_{2}$ : Map$H(G, \mathit{0}_{K_{\}\chi l})arrow\prod_{\Delta}0_{K_{5}p}>$ $f-(f(\delta))_{\delta\in\Delta}$
$\mathit{0}_{k_{\mathfrak{p}}}-\dot{\mathrm{a}}$lgebra . $( \alpha_{\delta})_{\delta\in\Delta}\in\prod_{\Delta}\mathit{0}_{K_{\mathfrak{P}}}$
, $g\in G$ $g=h\delta(h\in H, \delta\in\triangle)$ , $f(g):=\alpha_{\delta}^{h}$ ’-t,
$f\in \mathrm{M}\mathrm{a}\mathrm{p}_{H()}G,$$0_{K}‘ \mathit{3})$ . $\Phi_{1}:=\varphi_{2}^{-1}\circ\varphi_{1}$ $\Phi_{1}$ $G$ (
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, $a\otimes x\in 0_{k_{\mathfrak{p}}}\otimes_{\mathit{0}_{k}}\mathit{0}_{K},$ $\sigma\in G$ , $\Phi_{1}(a$. $\otimes x^{\sigma})=\Phi_{1}(a\otimes x)^{\sigma})$ . ,
$\mathit{0}_{k_{\mathfrak{p}}}G$-module
$\Phi_{1}$ : $0_{k_{\mathfrak{p}}}\otimes_{\mathit{0}_{k}}\mathit{0}_{K}\cong$ Map$H(G, \mathit{0}_{K_{\mathfrak{P}}})$
. $\mathit{0}_{K_{\mathfrak{P}}}$ $\mathrm{o}_{F_{P}}H$-module , $\mathrm{o}_{F_{P}}G$ $(o_{F_{P}}G, 0p_{P}H)$-module
, tensor $\mathrm{o}_{F_{P}}G\otimes_{\mathit{0}_{F_{P}}}H\mathit{0}K_{\mathfrak{P}}$ . $x\cdot(y\otimes\alpha)=xy\otimes\alpha(x\in$
$0_{F_{P}}G,$ $y\otimes\alpha\in \mathit{0}_{F_{P}},G\otimes_{\mathit{0}p_{P}H^{\mathit{0}}}K_{\beta}‘)l_{}^{}$ , $0_{F_{P}}G\otimes_{\mathit{0}p_{P}H}\mathit{0}_{K_{\mathrm{P}}}$, $0_{F_{P}}G$-module
.
$\varphi_{3}$ : Map$H(G, 0_{K_{\mathfrak{P}}}.)arrow \mathit{0}p_{P}G\otimes_{\mathit{0}}p_{P}H0K\mathfrak{P}$ ’ $f \mapsto\sum_{\delta\in\Delta}\delta-1\otimes f(\delta)$
$\mathrm{o}_{F_{P}}G$-module ( $\{\delta^{-1}\}s\in\Delta$ $G/H$
, $x\inarrow \mathit{0}_{F_{P}}G\otimes_{\mathrm{o}_{F_{P}}H}\mathit{0}_{K\mathfrak{p}}$‘ , $x= \sum_{\delta\in\Delta}\delta^{-1}\otimes\alpha_{\delta},$ $\alpha_{\delta}\in \mathit{0}_{K_{\mathfrak{P}}}$ –
). , $\varphi_{3}$ $H\backslash G$ $\triangle$
. , $\mathrm{o}_{F_{P}}G$-module
$\Phi_{2}:=\varphi_{3}\circ\Phi_{1}$ : $0_{k_{\mathfrak{p}}}\otimes_{\mathit{0}_{k}}0_{K}\cong \mathrm{o}_{F_{P}}G\otimes_{\mathit{0}}pPH0_{K\backslash }p$
.
(iii) $\Rightarrow(\mathrm{i}\mathrm{v})$ . $\mathrm{o}_{F_{P}}G$-module $\Phi_{2}$ .
$(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i})$ . $\mathrm{o}_{F_{P}}G$-module $\Phi_{1}$ , Map $H(G, 0_{K_{\mathfrak{P}}})$ $\mathrm{o}_{F_{P}}G-$
free . $m:=[k_{\mathfrak{p}} : F_{P}]$ , $\mathrm{o}_{F_{P}}G$-free basis $\{f_{1}$ , $\cdot$ . . , $f_{m}\}$
. , $1= \sum_{i=}^{m_{1}}f_{i}^{\lambda}:,$ $\lambda_{i}\in 0_{F_{P}}G(1\leq i\leq m)$ – . $g\in G$
, $1=1^{g}= \sum_{i=1}^{m}f^{g}i\lambda:$ . , $\lambda_{i}=g\lambda_{i}(\forall g\in G)$ . , $N:= \sum_{g\in G}g$
, $\exists a_{i}\in 0_{F_{P}}\mathrm{s}$ . $\mathrm{t}$ . $\lambda_{i}=a_{i}N$ . , $F:= \sum_{i=1}^{m}a_{i},f_{i}.\in$ Map$H(G, 0_{K\mathfrak{p}}.)$
, $1=F^{N}$ . , . .
$1=F^{N}(1)= \sum_{g\in G}F(g)=\sum\delta\in\Delta h\sum_{\in H}F(h\delta)=\sum_{\in\delta\Delta h}\sum\in HF(\delta)^{h}$
.
, $\delta\in\Delta$ , $\sum_{h\in H}F(\delta)^{h}=\mathrm{T}\mathrm{r}K,\mathrm{r}/k_{\mathfrak{p}}(F(\delta))\in \mathit{0}_{k_{\mathfrak{p}}}^{\cross}$ .
. $\cdot$ . $\mathrm{T}\mathrm{r}_{K_{\beta}/k}\backslash \mathfrak{p}(\mathit{0}_{Kp}‘)=\mathit{0}_{k_{\mathfrak{p}}}$ . Lemma 1.1, $(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})\epsilon \mathrm{k}\text{ },$ $\mathit{0}_{K_{\mathfrak{P}}}l\mathrm{h}o_{k_{\mathfrak{p}}}H$ -projective $-\epsilon$
$\text{ }\xi)$ . $\square$
Definition 12. $R$ Dedekind , $G$ , $\Lambda:=RG$ . . $M$
A-lattice, , A-module $R$-projective( $R$ Dedekind
$\dot{R}$-torsion free ) . $R$ $0$ prime ideal $P_{R}$
, $P\in \mathcal{P}_{R}$ , $R_{P}$ $R$ $P$ , $M_{P}:=R_{P}\otimes_{R}M$
$\text{ }(\Lambda_{P}\cong R_{P}G)$ . , $M$ rank $n$ locally free A-module




Theorem 1.3. $S\subset \mathcal{P}_{k}$ . $F$ $k$ , So $:=\{\mathfrak{p}\cap F|\mathfrak{p}\in S\}$
, $o_{F}(s_{0)}$ . $S$ $S_{0}$ $0_{k}$ prime ideal
– ( $f\mathit{0}_{F}(S0)\subset \mathit{0}_{k}(S)$ ).
, $o_{K}(S)$ $o_{F}(S_{0})[G]$ -module . , .







$\mathit{0}\kappa(S)$ projective $o_{k}(S)[G]$ -module .
$\mathit{0}_{K}(S)$ rank $[k : F]$ locally free $op(s_{0})[G]$ -module .
PROOF. (i) 9 $(\mathrm{i}\mathrm{i})\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ . Lemma 1.1 .
$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})$ . , .
$(\mathrm{i})\Leftrightarrow\forall \mathfrak{p}\in P_{k}-S$ : $\mathfrak{p}$ $K/k$ tamely ramified .
$\Leftrightarrow\forall \mathfrak{p}\in \mathcal{P}_{k}-S\forall \mathfrak{P}\in P_{K}$ : $\mathfrak{P}|\mathfrak{p}$ $\mathfrak{p}$ $K_{\mathfrak{P}}/k_{\mathfrak{p}}$
tamely ramified $\text{ }$ .
$\Leftrightarrow\forall \mathfrak{p}\in P_{k}-s\forall \mathfrak{P}\in P_{K}$ : $\mathfrak{P}|\mathfrak{p}$ $\mathit{0}_{K_{\phi}}$. $0_{k_{\mathfrak{p}}}[Gal(K_{\mathfrak{P}}/k_{\mathfrak{p}})]$
-projective . ( $\cdot.\cdot$ Lemma 1.1, (i) $\Leftrightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ )
$\Leftrightarrow\forall P\in \mathcal{P}_{F}-S_{0}\forall \mathfrak{p}\in \mathcal{P}_{k}$ : $\mathfrak{p}|P$ $\mathit{0}_{k_{p}}$ $\otimes_{\mathit{0}_{k}}0_{K}$ $\mathrm{o}_{F_{P}}G$-free .
( $\cdot.\cdot S_{0}$ Proposition 12, (i) $\Leftrightarrow(\mathrm{i}\mathrm{v})$ )
$M:= \mathit{0}_{F}-\bigcup_{P\mathcal{P}s_{0}}\in p-P$ $S_{0}$ , $o_{F}(S0)=M^{-1}\mathrm{o}_{F},$ $\mathit{0}_{K}(S)=$
$M^{-1}\mathrm{o}_{K}$ . $P\in P_{F}-s_{0}$ . , $\mathit{0}_{F_{P}}\otimes \mathit{0}_{F}0F(S0)=0_{F}P\otimes_{\mathit{0}p}0_{F}=$




, $0_{F_{P}}\otimes_{\mathit{0}_{F}(s_{)^{\mathit{0}_{K}}}}(0)S$ $\mathrm{o}_{F_{P}}G$-free . , $\mathit{0}_{K}(S)$
$o_{F}(S0)[G]$ -locally free .
$(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ . $[\mathrm{C}\mathrm{R}, (31.3), (\mathrm{i}\mathrm{i})]$ , $o_{K}(S)$ G projective $o_{F}(S_{0})[G]-$
module . , (tensor $o_{k}(s)\otimes \mathit{0}p(S\mathrm{o})$ ) $\mathrm{o}_{K}(S)$
$0_{k}(S)[G]$-projective
Remark 11. $K/k$ Abel , $\mathfrak{m}$ $K/k$ conductor .
, Theorem 13, (i) $\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}}(\mathfrak{m})\geq 2$ $\mathfrak{p}\in \mathcal{P}_{k}$ $S$
( $[\mathrm{I}\mathrm{w}$ , Lemma 7.14]).
, $o_{K}(S)/o_{k}(S)$ normal basis Theorem 13, (iii)
, . , $S$ (i)
. , $F=k$ , Proposition 12, (iv) ,
$U\subset \mathcal{P}_{k},$ $|U|<\infty$ , $o_{K}(U\cup S)/o_{k}(U\cup S)$ normal basis
([Ka6, Proposltion 11]). .
Remark 12 . $o_{K}(S)/\mathrm{o}_{k}(S)$ normal basis
, . $S\subset T$ (tensor $o_{k}(T)\otimes o_{k()}s$ ) $\mathrm{o}_{K}(T)/\mathit{0}_{k(T)}$ normal
basis .
2. $S=\phi$
Section , $K/k$ tamely ra fied (cf. Example
11). , Theorem 13 , $0_{K}$ rank 1 locally free $o_{k}G$-module .
, $F=\mathbb{Q},$ $S=\emptyset$ Theorem 13, (iv) , $0_{K}$ rank $[k : \mathbb{Q}]$
locally free $\mathbb{Z}G$-module .
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21. $k=\mathbb{Q}$ (Taylor ). $R$ $F$
Dedekind , $G$ ( , $FG$ ). locally
free $RG$-modules Grothendieck $C,$ $K_{0}(RG)$ .
$K_{0}(RG)$ $[X]-[RG^{(n)}](X\in C, n\geq 0)$ ( $Rc_{-}1\mathrm{o}\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ free
$RG$-projective ). $[\mathrm{C}\mathrm{R}$ , (31.14) $]$ , $M\in C$ , $RG$ locally
free ideal $I(\in C)$ ,
(2.1) $M\cong RG^{(1)}m-\oplus I$, $m:=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}M$
. $K_{0}(RG)arrow \mathbb{N}$ , [Y] $-\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $\mathrm{Y}$ $K_{0}(Rc)arrow \mathbb{Z}$
. kernel $RG$ locally free class group , $\mathrm{C}1(RG)$ .
, $\mathrm{C}1(RG)$ [ $M\overline{]-[RG^{()}m]\text{ },(2.1)^{\text{ }}}$ , $[I]-[Rc]$
(cf. $[\mathrm{C}\mathrm{R}$, (39.12)]). , { $[I]\in K_{0}(RG$. $)|I$ $RG$ locally free ideal }
, $\mathrm{C}1(RG)$ $([\mathrm{C}\mathrm{R}, \S 49])$ . $\mathrm{C}1(RG)$ Jordan-Zassenhaus
Abel $([\mathrm{C}\mathrm{R}$ , (39.13)] $)$ . , $[M]-[RG^{(m)}]=0\Leftrightarrow M$
$RG^{(m)}$ $RG$-stably isomorphic ( $M$ $RG$-stably free ), i.e.,
$M\oplus RG^{(k)}\cong RG^{(m+k)}(\exists. k\geq 0)$ . $M\oplus RG$ $RG$-free -
$([\mathrm{C}\mathrm{R}$ , (41.20)] $)$ .
$FG$ Eichler ( $[\mathrm{C}\mathrm{R},$ \S 51A]) , $RG$-stably free $RG$-free
$([\mathrm{C}\mathrm{R}$ , (49.29), (51.24)] $)$ . $G$ Abel $FG$
Eichler $([\mathrm{C}\mathrm{R}, (51.2), (51.3)])$ .
Fr\"ohlich $\mathrm{C}1(RG)$ “$\mathrm{H}\mathrm{o}\mathrm{m}$-description”
([ $\mathrm{F}\mathrm{r}2$ , Ch. I, Theorem 1], $[\mathrm{C}\mathrm{R}$ , (52.11) $]$ , [T4, Ch. 1, Theorem
35], [Snl, 4228] $)$ .
$G$
$\chi$ , Artin $L$- $\Lambda(s, \chi)$ ,
$\mathbb{C}$ , $\Lambda(s, \chi)=W(\chi)\Lambda(1-s, \overline{\chi})$ . $W(\chi)$
$\chi$ Artin root number , symplectic $\chi$ ( ,
, $\mathbb{R}$ ([Se, $\mathrm{P}$ . 131]) $)$
$W(\chi)$ $\pm 1$ . $W(\chi)$ $\mathrm{H}\mathrm{o}\mathrm{m}$-description ,
Cassou-Nogu\‘es $\mathrm{C}1(\mathbb{Z}c)$ $t(W)$ . 2 $\cdot t(W)=0$
. Taylor : ’
Theorem 2.1. ([Tl, Theorem 1]) $K/k$ Galois $G$ tamely
ramified Galois , $m:=[k : \mathbb{Q}]$ .
(i) $[0_{K}]-[\mathbb{Z}G^{(m)}]=t(W)$ . , $[\mathit{0}_{K}\oplus \mathit{0}_{K}]=[\mathbb{Z}c^{(2m})]$
, $\mathit{0}_{K}\oplus 0_{K}$ $\mathbb{Z}G$ -stably free . , $[0_{K}]=[\mathbb{Z}G^{(m)}]$
$G$ symplectic Artin root number
.
$\sim$
(ii) $G$ Abel $0_{K}$ free $\mathbb{Z}G$ -module .
, , $k=\mathbb{Q}$ , $K/k$ normal integral basis .
PROOF. (ii). $G$ , $G$ symplectic ([Se, $\mathrm{p}$ .
133, 1)]), $t(W)=0$ . , $0_{K}$ $\mathbb{Z}G$-stably free .
, $\mathbb{Q}G$ Eichler , $\mathit{0}_{K}$ $\mathbb{Z}G$-free .
Remark 21 (ii) ilbert-Speiser ([ $\mathrm{L}$ , Ch. 9, Theorem 3.4],






22. $k\neq \mathbb{Q}$ . torsion , Brinkhuis
(cf. Proposition 52).
Theorem 22. (i) $([\mathrm{B}7, (1.6)])$ $k$ CM- , $K/k$
normal integral basis ( )
Abel . , $K/k^{+}arrow$ Galois , $\rho s\rho$ $=$
$s^{-1}(\forall s\in Gal(K/k))$ . $k^{+}:=k\cap \mathbb{R}$ , $\rho$ $\mathbb{C}$
$K$ .
(ii) ([B6, Corollary 210] [B7, Corollary 21]) $k$ ,
$K/k$ normal integral basis Abel .
, $Ga\iota(K/k)$ (2, $\cdot$ . . , 2) . , $K$ $k$ 2
.
(iii) ([B7, Corollary 23]) $k$ CM- , $K/k$ normal integral basis
Abel . Artin $K$ $Cl_{k}$
$N$ . , $f$ : $Cl_{k+}arrow Cl_{k}$ , $c(\mathfrak{a})-C(\mathfrak{a}\mathit{0}_{k})$
. , ${\rm Im} f\subset N$ .
(iv) ([B7, Corollary 24]) $k$ CM , $\overline{k}$ $k$ Hdbert ,
, $\overline{k}/k$ normal integral basis $h_{k+}=1$ 2(
$k=\mathbb{Q}(\zeta_{n})$ $h_{k+}=1$ ).
(ii) , normal integral basis $(2, \cdots, 2)$ $K/k$ ,
. (ii) [B6, Corollary 210]
: $K$ Galois $G$ $k$ Abel
. , $[\mathit{0}_{K}]-[o_{k}G]$ $\mathrm{C}1(o_{k}c)$ , $\mathrm{o}\mathrm{r}\mathrm{d}(\mathit{0}_{K})$
. $e$ $G$ exponent . , $\mathrm{o}\mathrm{r}\mathrm{d}(\mathit{0}_{K})=e$ $e/2$ . ,
$[K : k]$ $\mathrm{o}\mathrm{r}\mathrm{d}(\mathit{0}_{K})=e$ .
, CM- 2 ,
.
Theorem 2.3. ([B8, Theorem]) $k:=\mathbb{Q}(\sqrt{-d})$ , $d>0,$ $d\in \mathbb{Z}$ square-free
$d\neq 3$ .
(i) $k$ normal integral basis 3
– .
(ii) $m\in \mathbb{Z}$ “ $\forall n\in \mathbb{Z}$ : $m\neq n^{3}-n^{2}$ ” . $K$ $f(X)$ $:=$
$x^{3}-X^{2}-m$ $\mathbb{Q}$ , $K/\mathbb{Q}(\sqrt{-27m^{2}-4m})$
3 normal integraI basis . $\mathbb{Q}(\sqrt{-27m^{2}-4m})$
2 , $\mathbb{Q}(\sqrt{-3})$ . normal integral basis $f$
.
(iii) normal integral basis 3 $K/k$ (ii)
. , $m\in \mathbb{Z}$ , $K$ $X^{3}-X^{2}-m$ $\mathbb{Q}$
, $k=\mathbb{Q}(\sqrt{-27m^{2}-4m})$ .
(iv) $\zeta_{3}$ 1 3 . ,
normal integral basis 3 $K/k$




Theorem 2.4. ( $[\mathrm{B}2$ , Theorem 4.1]) $k$ CM , $k$
$F$ Galois . $K/k$ Abel ,
$K$ $F$ Galois . Galois $1arrow Gal(K/k)arrow$
$Gal(K/F)arrow Gal(k/p)arrow 1$ split , $[K : k]$ $[k : F]$
. , $K/k$ normal integral basis .
normal integral basis
(cf. [B1], [B3]). , [B2], [B3] , “
, 549 (1985) . ,
Brinkhuis , 2 , [M1], [M2] .
$p$ , $k:=\mathbb{Q}(\zeta_{\mathrm{P}})$ . [T3, Theorem 2] , $k$ $p$
normal integral basis $p$ L- $s=1$
principal homogeneous space (cf. [T5]). [Icl],
[Ic2] .
– , . , Childs
. ,
.
Proposition 2.5. ([Ch, Theorem $\mathrm{B}]$ ) $p$ , $k$ , $\zeta_{p}\in k$
. $K/k$ $p$ Kummer . ,
$K/k$ normal integral basis .
$\Leftrightarrow\exists\epsilon\in 0_{k}^{\cross}$ $s$ . $t$ . $K=k(\epsilon^{1/p})$ , $\epsilon\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} (\zeta_{p}-1)p$ .
, $\eta:=\epsilon^{1/p}$ , $(1./p) \sum\eta^{i}p-1$ $K/k$ normal
$i=0$ .
integral basis .
Kummer normal integral basis (
) [Ka4, Theorem 6] (cf. [Go]). ,
divisor polynomial ([Oku] (cf. [Ka5])) ,
integral basis , Fr\"ohlich “ $\mathrm{H}\mathrm{o}\mathrm{m}$-description”
. [Kal], [Ka2], [Ka4, Ch. IV]
.
$p$ , $\mathcal{G}$ $(p$ , $\cdot$ . . , $p)$ Abel . $k$ ,
$K/k$ : tamely ramified Abel , $Gal(K/k)\cong \mathcal{G}$
$K$ , $[\mathit{0}_{K}]$ $\mathrm{C}1(o_{k}G)$ $R(o_{k}G)$
( $\mathrm{C}1(o_{k}c)$ $o_{k}G$ locally free ideal ). [Mc]
$R(\mathrm{o}_{k}G)$ (cf. [So]). $R(o_{k}G)$ $\mathrm{C}1(o_{k}c)$ .
, “ , Galois module structure, 549
(1985) .
23. $k\neq \mathbb{Q}$ . $\mathbb{Q}$ $\mathrm{m}\mathrm{o}\mathrm{d} p\infty$ ray class field $\mathbb{Q}(\zeta_{p})$
normal integral basis [Col], [Co2], [B4, Theorem 2] .
. $\mathbb{Q}$ Abel $K$ , resolvent Gauss sum




Theorem 26. ([Ka6, Theorem 53]) $p$ , $k\subset K\subset \mathbb{Q}(\zeta_{p})$ .
$n:=[K : k]>1,$ $m:=[k : \mathbb{Q}]>1$ . ,
(I) 3 , $K/k$ normal integral basis :
(i) $m$ 2 , $n=2$ .
(ii) $m$ $n$ 2 .
(iii) $m$ , $n=2$ .
(II) (I-iii) , $K/k$ normal integral basis .
Remark 22. $p\equiv 1$ mod 4 , $K:=\mathbb{Q}(\zeta_{p}),$ $k:=\mathbb{Q}(\zeta_{p})^{+}$ , $n=2$
$m$ , $\zeta_{p}$ $K/k$ normal integral basis
, (I-i, ii) 1 . (I-ii)
$n=2$ , 2( $h_{k}$ , $K/k$ normal integr$a1$
basis . .
([ $\mathrm{K}\mathrm{a}6$ , Theorem
4.1]). Cf. Theorem 2.2, [GS].
Proposition 2.7. ([Ka6, Proposition 45]) $k$ $[\overline{k} : k]$ 2 2
f $\mathfrak{p}$ $k/\mathbb{Q}$ $\mathit{0}_{k}$ prime ideal . , $\overline{k}$ $k$ Hilbert
, $k$ mod $\mathfrak{p}$ ray class field $k(\mathfrak{p})$ , $w_{\mathfrak{p}}:=|(\mathit{0}_{k}^{\cross}+\mathfrak{p})/\mathfrak{p}|$
, , 4 $|((\mathrm{N}\mathfrak{p}-1)/w_{\mathfrak{p}})$ $\ell$ . $\ell$
f $\subset P_{k}$ ( $k$ 2
, $k/\mathbb{Q}$ , $l\equiv 1$ mod 4 ,
$6\ell$ ). , $\forall S\subset \mathfrak{S}\ell,$ $|S|<\infty$ ,
$\mathit{0}_{k(\mathfrak{p})}(S)/\mathrm{o}_{k}(S)$ normal basis . , $S=\phi$ , $k(\mathfrak{p})/k$
normal integral basis .
3. $S=\{p\}$
(cf. Example 12).
Definition 31. $k$ , $p$ , $L/k$ $\mathbb{Z}_{p}$- .
, $L/k$ $n$-layer $L_{n}$ , $0_{L_{n}}[p^{-1}]/0_{k}[p^{-1}]$ normal basis ,
$L/k$ normal basis .
$\mathbb{Z}_{p}$- $L/k$ prime ideal $p$ ,
1 , wildly ramified . , $n_{0}$ ,
$\forall n\geq n_{0}$ $L_{n}/k$ normal integral basis (Theorem 13).
, $p$ prime ideal , normal basis
. , $L/k$ cyclotomic $\mathbb{Z}_{p}$ - normal basis
( $[\mathrm{K}\mathrm{M}1$ , Theorem 2.1], [Gr2, Ch. I, Proposition 24], [KK, Remark 34]).
31. Kersten and Michali\v{c}ek . [KM2, Theorem 31, 33]
:
Theorem 31. $p$ , $k:=\mathbb{Q}(\zeta_{p^{n}})$ . $h_{k+}$ $k$
$k^{+}$ , $\lambda^{+}$ $k^{+}$ cyclotomic $\mathbb{Z}_{p}$ - $\lambda$ - ,
,




. , “ $k/\mathbb{Q}$ Abel , $\zeta_{p}\in k$ ,
$p$ $k^{+}/\mathbb{Q}$ ” $(\Rightarrow)$ ([KK, Theorem 46]).
$F$ 2 , $k:=F(\zeta_{p})$ . normal basis $F$ $\mathbb{Z}_{p}$-
$k^{+}$ cyclotomic $\mathbb{Z}_{p}$- $\lambda$ - [FK] .
Theorem 31, $(\Leftarrow)$ . , 3 $F/\mathbb{Q}$
, 3 $|h_{k+}$ , $F$ $\mathbb{Z}_{3}$- normal basis
, $k^{+}$ cyclotomic $\mathbb{Z}_{3}$- $\lambda$- ( [FN]
). Greenberg : “ $N$
$p$ , $N$ cyclotomic $\mathbb{Z}_{p}$- $\lambda$- $\lambda_{p}(N)$ $0$ ”
. , $F$ $\mathbb{Z}_{3}$ - normal basis
.
3.2. Modular construction. normal basis
, :
Theorem 3.2. $([\mathrm{K}\mathrm{o}1])$ $F$ 2 f $p$ , $F/\mathbb{Q}$
. $\mathfrak{p}$ $p$ $\mathit{0}_{F}$ prime ideal . $m\in \mathbb{N}$ f
$K:=F(\mathfrak{p}^{[5m/})2],$ $k:=F(\mathfrak{p}^{m})$ . $[]$ Gauss .
, $0_{K}[p^{-1}]/0_{k}[p^{-1}]$ normal basis .
[T2, Corollary 4] ( $K:=F(\mathfrak{p}^{2}m)$ ) .
Theorem 33. $([\mathrm{K}\mathrm{o}2])$ $F$ 2 , $p$ , $k:=^{p}(p)(F$ mod
$p\text{ }$ ray class field) ,
(i) $m\in \mathbb{N}$ , $K:=F(p^{m})$ , $\mathit{0}_{K}[p^{-1}]/\mathit{0}_{k}[p^{-1}]$ normal basis
.
(ii) $L$ $F$ $\mathbb{Z}_{p}$ - , $\mathbb{Z}_{p}-$ $Lk/k$ normal basis
.
Remark 31 3 $F/\mathbb{Q}$ , $L/F$ $F$ $\mathbb{Z}_{3}-$
. , 3{ $[F(3) : F]$ . , Theorem 33, (ii) Lemma
53, (iii) , $L/F$ normal basis . – , , . 3( $h_{F}$ . ,
Reflection theorem 3( $h_{F(}(\mathrm{s})+$ . , Theorem 33 $F$ $\mathbb{Z}_{p}-$
normal basis .
4.









normal basis , . $k$
, $K/k$ Galois $G$ Galois , $S\subset P_{k}$ .
Lemma 51. $M/k$ Galois , $k\subset M\subset K$ .
, $\alpha\in 0_{K}(S)$ $o_{K}(S)/o_{k}(S)$ normal basis , $\mathrm{T}\mathrm{r}_{K/M}(\alpha)$
$\mathrm{o}_{M}(S)/o_{k}(S)$ normal basis .
$G$ $KG$ : $\forall s\in G,$ $\forall x=\sum t\in G$ at$t\in KG$ ,
$x^{s}:= \sum_{t\in G}a_{i}^{s}t\in KG$
.
, $\hat{x}:=\sum_{\mathrm{t}\in G}att-1$ . $\beta\in K$ , $R(\beta)=R_{G}(\beta)$ $:= \sum_{t\in G}\alpha^{i}t^{-1}$
(resolvent) , $\hat{R}(\beta):=\overline{R(\beta)}$ . .
(5.1) $x^{s}=x\cdot s(\forall s\in G)\Leftrightarrow\exists\alpha\in K\mathrm{s}$. $\mathrm{t}$ . $x=R(\alpha)$ .
Theorem 22, 23 . $S=\phi$
, .
Proposition 52. ([B4, Proposition 11]) $\alpha\in 0_{K}(S)$ . ,
:
(i) $\mathrm{o}_{K}(S)/\mathrm{o}_{k}(S)$ $\vee\supset\alpha$ normal basis .
(ii) $\exists\beta\in \mathit{0}_{K}(S)s$ . $t$ . $R(\alpha)\hat{R}(\beta)=1$ .
Remark 51. $G$ Abel , (ii) $R(\alpha)\in \mathit{0}_{K}(s)[G]^{\mathrm{X}}$ .
Lemma 53. $K_{i}/k$ $(i=1,2)$ Galois $G_{i}$ $n_{i}$ Galois ,
$K_{1}\cap K_{2}=k$ .
(i) $\mathit{0}_{K}\dot{.}(S)/o_{k}(S)$ $\alpha_{i}\in 0_{K_{i}}(S)$ normal basis
$(i=1,2)$ , , $\alpha_{1}\alpha_{2}$ $\mathrm{o}_{K_{1}K_{2}}(s)/o_{k}(S)$ normal basis
.
(ii) $o_{K_{1}}(S)/o_{k}(S)$ $\alpha_{1}\in \mathit{0}_{K_{1}}(S)$ normal basis
. , $\alpha_{1}$ $o_{K_{1}K_{2}}(S)/o_{K_{2}}(S)$ normal basis
.
(iii) $G_{1}$ Abel , $(n_{1}, n_{2})=1$ . , $o_{K_{1}K_{2}}(S)$
$/\mathit{0}_{K_{2}}(S)$ normal basis $o_{K_{1}}(S)/o_{k}(S)$
normal basis .
PROOF. $\mathcal{G}:=Ga\iota(K_{1}K_{2}/k)$ . , $\mathcal{G}$ $(K_{1}K_{2})$
$[\mathcal{G}]$ . $\mathcal{G}\cong G_{1}\cross G_{2}$ – . ,
$G_{1}$ $G_{2}$ , $G_{1}=Gal(K1K_{2}/K_{2}),$ $G_{2}=Gal(K1K_{2}/K_{1})$ .
(i), (ii) , (iii) . $\alpha$ $o_{K_{1}K_{2}}(S)/o_{K_{2}}(S)$ normal basis
. $u:=R(\alpha)$ , $G_{1}$ , Proposition 52 ,
$u\in \mathit{0}_{K_{1}K_{2}}(s)[c_{1}]^{\cross}$ . $(n_{1}, n_{2})=1$ , $n_{1}a_{1}+n_{2}a_{2}=1$ $a_{i}\in \mathbb{Z}$ .




( $v$ )\nu ) , $(\mathrm{N}v)^{t}=\mathrm{N}v(\forall t\in G_{2})$ . , $\mathrm{N}v\in \mathit{0}_{K_{1}}(S)[G1]$ .
, $(\mathrm{N}v)^{-1}\in 0_{K_{1}}(S)[G_{1}]$ . , $\mathrm{N}v\in \mathit{0}_{K_{1}}(S)[G_{1}]^{\mathrm{X}}$ . $\forall s\in G_{1}$ ,
$( \mathrm{N}v)^{S}=\prod v^{S}=t\in G_{2}t\prod_{i\in G2}v^{ts}=\prod_{Gt\in 2}(v^{S})k=\prod(v\cdot s)^{t}t\in G2a2$
$= \prod_{2t\in G}(v^{\mathrm{r}}\cdot S^{a})2\mathrm{N}v=\cdot Sa_{22}n=\mathrm{N}v\cdot s$
.
, (5.1) , $\exists\beta\in \mathit{0}_{K_{1}}(S)\mathrm{s}$ . $\mathrm{t}$ . $\mathrm{N}v=R_{G_{1}}(\beta)$ . $R_{G_{1}}(\beta)\in 0_{K_{1}}(s)[c_{1}]^{\cross}$
Proposition 52 , $o_{K_{1}}(S)/o_{k}(S)$ $\beta$ normal basis
.
Remark 5.2. [Kal, Lemma 3] .
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